We present a novel approach for computing the surface roughness-limited thermal conductivity of silicon nanowires with diameter D < 100 nm. A frequency-dependent phonon scattering rate is computed from perturbation theory and related to a description of the surface through the root-mean-square roughness height ∆ and autocovariance length L. Using a full-phonon dispersion relation, we nd a quadratic dependence of thermal conductivity on diameter and roughness as 
Silicon nanowires (NW) have drawn much attention for their potential applications in eld eect transistors [1] , interconnects [2] , thermoelectrics [3, 4, 5, 6, 7] , and heterostructures [8] . Given their high surface-to-volume aspect ratio, the most prominent size eect limiting transport originates from electron or phonon surface scattering. In particular, being able to independently control electrical and thermal conductivity of such nanostructures through geometry, strain, or doping is extremely appealing for novel applications such as thermoelectrics and energy transport. Earlier data shows that reducing the NW diameter below 100 nm leads to a drastic reduction in their electronic and thermal conductivity [2, 5, 7] .
More puzzling are the recent experimental results of Hochbaum and Boukai [3, 4] which show that intentionally etched rough edges reduce the thermal conductivity of crystalline silicon NW by a factor of about 100, to nearly the value of amorphous silicon. Several eorts have been previously made toward an accurate understanding of phonon-surface scattering [6, 7, 8] , however, no studies account for such experimental observations in very rough wires with diameter below 50 nm. Similarly, no model provides guidance on how the thermal conductivity of such NW scales with their surface roughness.
In this Letter we introduce a comprehensive approach to phonon-surface scattering in thin NW based on a perturbative treatment of interface roughness. We derive a matrix element for phonon-surface scattering which is directly related to a parametric description of surface roughness. Based on this approach, the eects of temperature change and surface quality on the phonon-surface scattering rate are evaluated in silicon NW of diameters below 100 nm. Resulting theoretical predictions of NW thermal conductivity shows excellent agreement with experimental values below 50 nm, where the eect of surface roughness is the strongest.
When the characteristic dimensions of asperities at a rough surface come to the order of the phonon or electron wavelength (5-30 Å), it is expected that the surface scattering rate will be altered to reect the eect of the interface roughness. Such mechanisms are crucial to the understanding of electron transport in transistor inversion layers, where accurate models have been developed based on perturbation theory [9, 10] . While such formalism exists in the case of bulk phonon transport [11] , current models of phonon-surface scattering in NW are based on simplied assumptions, most of them using the probability of diuse scattering as a tting parameter [2, 6] . Yet, the latter probability can be directly related to physical properties of the interface, which, among other options, may be experimentally observed by means of Transmission Electron Microscopy (TEM). Besides, it seems relevant that the eect of rough surfaces should be stronger in thin NW, and vary with the frequency of incident phonons.
In a thin nanowire, variations of the connement width perpendicular to the propagation direction inuence phonon transport by perturbing the Hamiltonian of the system ( Fig.   1 (a) inset) . It is assumed that boundary scattering is mainly an elastic process and no phonons are emitted into the surrounding environment. This condition reects the case where NW are wrapped in a medium of considerably dierent thermal conductivity, as it is for Si NW in SiO 2 or vacuum. We model phonon transport in such Si NW of diameter below 115 nm, comparable to experimentally available data. We introduce a new type of phonon scattering originating from the roughness of the NW surface. In essence, this scattering mechanism accounts for the fact that phonons see a rough NW as a series of constrictions along their propagation direction. In order to accurately model this eect at the nanometer scale, perturbation theory is used to derive the transition probability per unit time of an incident phonon of momentum k and energy ω to a new state of momentum k and energy ω due to the perturbed Hamiltonian H [12] :
Under a suciently long time t in comparison to the energy relaxation time, the time derivative reduces to the Dirac delta function. The interface roughness is considered as a space varying dilation ∆(r) of the wire. This alters frequencies in a plane perpendicular to the propagation direction in such a way that ω(k) = ω 0 (k) [1 − γ∆] where γ is a tting constant determined from thermal expansion of the material, and ω 0 (k) is the phonon dispersion of the unperturbed Hamiltonian. Following the derivation of Klemens [11] , the matrix element for a perturbation due to a space varying dilation is
where V ol is the volume of the device, and ∆(q) is the Fourier transform of the spatial perturbation, equal to ∆(q) = ∆(r)e iq.r dr. Additionally, the occupation number is given by the Bose-Einstein distribution and includes the temperature dependence of the scattering
As shown by Goodnick et al. [13] , the autocovariance function of Si surface roughness is roughly t by a Gaussian function, which, by the Wiener-Khinchin theorem yields a power spectrum of
where ∆ is the root-mean-square (rms) value of the roughness uctuations and L is the autocovariance length, which is related to the mean distance between roughness peaks at the Si-SiO 2 interface (see Fig. 1 (a) inset) . In practice, these process-dependent parameters are experimentally set by the quality of the surface. Due to the ω 2 term in equation 2, low frequency phonons see little contribution from the surface perturbation. On the other hand, the power spectrum of equation 3 favors scattering processes of the specular type.
Hence, one can expect that there is a frequency range over which phonons experience a higher contribution from surface roughness scattering. The phonon scattering rate from a branch i to a branch j is given by
The volume integral over k -space can be reduced to a surface integral as shown in [14] :
where N i (E) is the phonon density of states in the i th branch, and E (k ) goes along the j th branch. The total scattering rate τ i (E) starting in branch i is the sum over all branches j of the τ i,j (E).
A Gilat-Raubenheimer (GR) scheme [15] is used to compute surface integrals, which constitutes the optimal trade-o between accuracy and computational eciency. In order to carefully account for frequency dependence, a full phonon dispersion is used, which is obtained from an adiabatic bond charge model and tabulated for look-up [16, 17] . The GR method is also similarly applied to compute the phonon density of states based on the dispersion relation mentioned above. With this respect, the GR scheme divides the rst Brillouin zone in a lattice of 40×40×40 cubes, which achieves sucient accuracy in the 10-350 K range [17] . Due to Bose-Einstein statistics, the accuracy of the scheme decays at lower temperatures, where ner grids or analytical derivation are required. Modeled silicon NW have a square cross section with area equivalent to a circular cross section of diameter D, while the NW length is arbitrarily xed to 2 µm. Transitions among all acoustic and optical branches are considered.
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The scattering rates are rst computed for NW of equivalent diameter D = 115 nm at T = 300 K. For a xed correlation length L 0 = 6 nm, phonon lifetime is calculated for increasing ∆ in Fig. 1(b) . Although no reliable data on the roughness of small wires is available yet, various theoretical and experimental studies have reported roughness rms ranging from 3 Å to 5 nm in the case of extremely rough NW [3, 18] . In this study we consider eective values for ∆ in this range, and rst use the 3 Å value for smooth NW, while using an average of 3 nm for rough NW. Under the conditions cited above, the average phonon lifetime due to surface roughness alone is approximately 15 ps, and decreases with higher roughness rms values as ∆ −2 . As deduced from equation 3, a long correlation length L favors scattering processes close to the specular type. While in the strong roughness limit where ∆/L > 1 the Gaussian approximation may be put at fault, the eect of the L 2 term tends to average out the contribution of L. We noticed only little deviation of the predicted thermal conductivity in the strong roughness limit, and consistently used a value of L = 6 nm, which is estimated from the TEM images of Hochbaum et al. [3] and provides a best t in our case.
In our approach, an additional thermal variation of the phonon-surface scattering rate appears from Bose-Einstein statistics, where temperature delimits the occupation of each frequency range, thus retrieving the eect of occupation of lower energy branches at low temperature. Subsequently, it is possible to determine the thermal conductivity for NW of dierent cross sections [19] . The contribution to thermal conductivity of branch i is
where v i is the velocity of sound which is dependent on the direction of propagation, here assumed to be in the <001> direction. In order to reproduce the measured physical behavior of the NW in the 10-350 K temperature range, Umklapp, normal, impurity, boundary, and surface roughness scattering mechanisms have been considered in the derivation of the branch-specic scattering time, as summarized in Table I . Umklapp scattering in transverse acoustic branches is eciently described with the law derived in Ref. [20] , which has shown good agreement with Si NW experiments. Additionally, in the temperature range considered, normal scattering in longitudinal acoustic branches is accounted for according to the derivation of Holland [21] . A Cω 4 law is often used in the literature for impurity scattering, and we found that a constant C = 8×10 −45 s/K 4 ts experimental data with more accuracy than the value of 1.05×10 −44 s/K 4 resulting from the derivation of Ref [21] . In the case of NW etched from a 10 Ω-cm wafer [3] , the low doping concentration has almost no impact on the value of C. Besides, the boundary scattering rate depends on the sound velocity in a given branch, and is consequently frequency dependent. An analytical expression is used for the sound velocity in acoustic branches, which is derived from [22] for its good t with bulk Si data in the <001> direction. Fig. 2 (a) and 2 (b) compare thermal conductivity computed from the model presented above vs. experimental data from [5] and [3] , for NW ranging from 115 nm to 22 nm diameter. As nothing guarantees that all NW have similar roughness parameters, we considered smooth NW with 1 Å < ∆ < 3 Å, and rough NW with 3 nm < ∆ < 3.25 nm. A good t is found for smooth NW grown by vapor-liquid-solid (VLS) mechanism with diameter above 37 nm. Similarly, the model reproduces the drastic decrease in thermal conductivity for rough electroless-etching (EE) NW presented in [3] . Higher discrepancy is found for the 22 nm smooth VLS NW, for which the sensitivity to surface roughness is expected to be higher.
Besides, the perturbative approach remains valid as long as perturbations remain small in comparison to the total phonon energy. For low temperature phonons and nanowires of diameter below 20 nm, explicit quantum treatment may be required. Since surface roughness scattering has little impact on low energy phonons, additional low temperature discrepancy is attributed to impurity and classical boundary scattering.
It is important to point out that our approach based on perturbation theory introduces a dependence in (D/∆) The fact that this critical diameter increases with higher roughness rms ∆, in turn, supports the expectation that heat conduction at small NW scales is strongly limited by their surface roughness. This assumption is further justied in Fig. 4 , where it is observed that the total contribution of surface roughness to limiting the thermal conductivity is increased about 7 times from the 115 nm to the 22 nm case. Finally, the temperature dependence that arises from the roughness scattering rate is also retrieved. Thus, at low temperatures, low frequency phonons see little eect from the perturbations at the silicon interface.
In summary, we have demonstrated a remarkably strong eect of surface roughness on the Boundary 
